
514 Invarietsof belinoveringsofefales
We want to study some singular abelian covers ofsurface
We have seen that given it Y ab cover ofaffate
then pe is smooth if and only if

TIPI is smooth

TIPI belongs to at most two irreducible components

of seme Dg and Dp and Dg Da intersects

transversally at TIPI

giochi G is an injective map

We want to study what kind of singularities arises
if we delete the third condition namely giochi 6
is injective

Def A simple normal crossing
SNC abelia cover

Y is an abelian cover with a reduced

branch locus D consisting of smooth irreducible
components intersecting two by two transversally
and for which no point of Y belongs to more than
two of them



RemarkFrom the smoothness properties then the

singular locus of lies on

GEY geDgnDp g LEG and epochs G not ingenti

namely Sing XI 11

First of all let us study these kindof singularities
Prof Parolini Prop 3.3
Let pex be a point over gel so GEDgnDn
and ego chi G is not injective for sene ghe G
Let us consider n legsnahal and let 1 1141 1
be the lowest integer such that heg t.ca.gl 1

Then p is a cyclic quotient singularity of type
KIT

proof We distinguish three cases

Case go.ch and hag We take the intermediate

quotient Kg Y so lgs Y is

etale locally around 9 and we can use ti to study
the kind of singularity of p Let be the dual
character of g Xigl e so generates cg

We observe that



wi wyn.IE 62
where gia L Ef For f g then vi 1 so

9
0 while for ttg then È would not

vanish at q so locally arend P II 62 o

and then wyn is a redundant variable

So we only have one variable loially arend p Wx
and only one equation

WY 6g XY
where 1 04 and by oh are the local parameter

of the pair of ined comp over Dg intersecting transversally
at p Thus locally

around
p is the zero lows

2M XY
whose origin is exactly a cyclin quotient singularity
of type tali m il as we want
Ho prove this you must show that

4
4 is

isomorphic to Z 12m_ g 63 Look at the ring of
invariant polynomials
Case cg cha but hig 2 deigi 1

Loially aroud p we have

WY 1T 6 61 6g somethingyotpranshing

elegetatis



Let k min LE 41 191131 227181 then

WE War II 67ᵗʰ Wyn 67 497

È War.gl
j

veninal

94 14 1
Instead for lack we have

wi wya.skI WXr sotknIantvariable

Using a similar approach as above we obtain

a set of equations whose it is know in the literature
the the origin gives a singularity of type ll n a

Case cg chs n p Similar to the tax 2 DI

Example Consider 6 25 aid A X P'defined by

De 1 Dre tittate l ti lines e smooth comic

3 e 1 2 fitte 9H Le 3H so

X IP exists ti ti
e

Let geDe aDre Then
29 2 e so h caprine 3

a 2 and any point point p ever I calich è in

total Hbtp 35 1 is a plic quet sing of type 311,3 2



Instead consider attinta Then n keisniep 3

2 1 and so the point over g is of type 1,2

Reclutefeychequesingularities
For the rest of the nate Hansi
and it is normal

Given I singular point pe a reselut

of p is a map such that

15 p Kb is an isomorphism
and x ̅ is smooth along

b Ip

A resolution of is the resolutionof all it
singularities which is there a smooth surface
Then Italian Sched XX Walker Zariski Hironaka

Idea in dine 2 Proofs in dim 2 dim 33

Any singular surface admits a resolution

Def We say that is a minimal
resolution of singularities if given
a resolution x ̅ then b factorizes

x ̅
birational



Warning
Do not confuse the minimal resolution
with a minimal surfare Often a minimal

resolution of singularities is IT a minimal
Surface in the sense that it may

have 1 1 turves

The admits a minimal resolution of
singularities and it is unique

We can finally show how to resolve a lydia
quotient singularity

The Let pex be a cyclin quotient singularity
of type 11 a Let us consider the continued

fraction
1 by be bi beffe

It there exists a resolution of p S'È
g t 5 p E u Uee where E is a

Smooth vational curve E P and

E bi E E 1 Vi l l
is talled

E E 0 otherwisetirzebruch Jung string of tilling

e
I IIIE



The Given with only isolated yd quot
singularities let S be the resolution
obtained in the previous thin recursively on

each isolated singularity Then S is the
minimal res of singularities of

III Y àà L
Weil divisor on namely the closure of
ix III i csx

being the inclusion of
the smooth locus of X
Assume is Q Cartier namely mkx
is Cartier for seme MEIN

Let m be the index of i e the

smallest positive integer sit mky is Carter
Let Six be the minimal resolution ofsing
of Then

ITÀMKEFI I

Where Ei exceptinddiviers of the
resolution and di are integer numbers that
we still need to determine



Let us assume that all the singular are cyclic
quotients so that Σ di Ei

g
Eia E P

where E u VE'è is the H J
stringof p

The The coefficients ai de of a HJ stingof

Type filial f by be appearing in verify
the linear system

dei beh mlbe 2

pag Locally avand p we can write

mks b mkx ai E

where E v u Ee is the HI string of p

wks.EE TIÈ IEEE 2 E
ME 5 2

FEIYY.lyIFFFEfI
F 773 InÈ

de i beh m be 2
HA



Prop F 2026

There is a closed formula forthe solution of the above
linear system If p is of typ tali a by be

then we denote by bi bit be and

ME by by bi the i th traniated confined fractions

of

thjittd.IN
Thus we finally have a

Mks b mkx Gigi Fim i diThadmi

The Let be a norme surf with at most isal
cyclic quet sing and let 5 be the min

resolution of sing of Then

L edxt Eg.FI
where Ip is the length of the Hirzebru in Jung

string of the resolution of p

pref We apply inclesian exclusion principle to
the Euler characteristic on compactsupport
e S Cc S le 5lb Singh e b Sing 511



e x finga lei È
so we need to compute the Euler characteristic of
a Hirzebruch Jung string T.IE
egEYv uEe I eilEIT

uEeI'YELELI
edE VE Ip 2

e CE P e E P 1 Ip 2

È
Ip 1

We can finally prove

In Let it Y be a SNI ab covering with

Galois group G building data 444am Pete
Let b S be the minimal res of sinful of X
We define T S Y T to b Then

pls E tilt Kytha 9151 hilt ha

10 1 161 10 7 lenta Lxtky

Gks eky Dg GILÈ
e E

e exponent of161



Rs Ky E 314,4 Eh EE 2 Ibi 2
e 5 Glfely Ell I elogi LEI tigilli ti g n

LFI.EE Hsion Ea FEaIP
noticethatthis is zero
for cench 1g

RIS'I R Y IGIKY F.MY Dg
snofBy Freitag thm every holomorphic K form of

the Smooth locus of extendends uniquely to

a global holomorphic k form of the minimal

res of singularities if hasatmost cyclic

quotient singularities This implies

litri litri
p

Ethical
byHodgesymmetry ab cover

with group G
branded on EDg Δ

This implies 9151 4 R's b l 2x and

Pg SI 4º R's E b l 2 1 b Kyle
ServeDuality

Using the same proof as in the case is smooth

see the theorem on the invariants of the previous
lentures we can conclude directly



10s 161 10 1 2 1 Kyl

Instead the formula for e Ks follows directly
from the previous Ehm and the Fact that

eKy is Carter and it is given by

e Kyo E
e Ky È Dg en

it fellowsfrom theformulaof Igiky inthesmooth case
so by taking the closure on we obtain

eKx I e Ky Dg

It only remains to determine e S

essi ecc 1ft lett

We observe that It I
can be done using the fact t YIA is an

ab
covering

branched ever D E Dgla as we

already done in the smooth case Thus

X HELYA gli C edDs'A Gh KID Di

e Y e Y e 111 ec A e 1411 Al
e Y A e Y Al sincealtEEiti AI

ecIDIA e
g FIIIII Di



So

gli e DAI l e Dg Silktsht tu Dia

Finally we observe Dgla Dura
Ds Oh ifisoncho 1g
O if apsnchst 16

by construction of 11 Thus

2,4h il Hilda.at E I ueD
t kikt tuil figli il

Putting everything together we obtain garantito

edx.la G1teM1 glttgilelDsl IEbti tsillt tildj1n

E IE

IEhhHsanJ1G11Ili
xlii yt 1 iH

È t.fi m
nt1

MI
I
Sith

Gite 41 file Dsl Ehlhill Killian

FI hi'si te



We consider T IP withgroup GExample
De cubic Dea line Dreiline

Drez

The points over DennDie are 3

and their type of singularities is

29 2.92 so 7 2 and than we have 1 3 3
Il 1

The continued fraction of is 533 so the HJ

String of each of these 3 points consists ofanly
on smooth rational curve with self intersection

TIÈ De

Diez

by
s

Let us determine the invariants

915 Fa h P La 0

43.3 2 5 H E 1 3 E 13113 Et 311.515
H E Ez E3 34SE H E E E



so 9kg HI 3 1 3 0 K 0

e 5 953 1 0 2 2 1 51 7 1

3 1
9 3 7 5 913 27 9

36

Furthermore by Noether's Formla
RX k e 36 3

so Pg
s 9 1 2 polsi 2

It is not so difficult to prove that s is

a minimal properly ellipt serfaie with Kodaira
dimension 1 and the canonical map

Liksi S PI

is a morphism with a generic fibre that
is a smooth elliptic curve

Renard 1 Due can also choice to compute
Pg and directly using

the above formulae
but this can be done only once we have first
computed all degrees ex XE G



2 If one applies the above inequality for
the Kodaira dimension of then

KISIEKIP 27 6 51M
K II 3H

2

so we would notget useful information
One can use other methods to prove
KIS 1 so S is properly elliptic

3 We remind that for Y P2 then
RIP AH E 4 no 0 2

can not be equal to 1

Thus smooth ab coverings T I
can not have Kodaira dire 1 because

KIX KLIP 1611 3 dg H
However when T X P is singular
such as the above example then we

may
reach R X 1

The
End


